GLOBAL COMPARISON PRINCIPLES FOR THE 
p-LAPLACE OPERATOR ON RIEMANNIAN MANIFOLDS 

STEFANO PIGOLA AND GIONA VERONELLI 

Abstract. We prove global comparison results for the p-Laplacian on a 
p-parabolic manifold. These involve both real-valued and vector-valued 
maps with finite p-energy. 



1. Introduction 

Let (M, (, )) be a connected, m-dimensional manifold and let p > 1. Recall 
that the p-Laplacian of a real valued function n : M ^ M is defined by 
ApU = div ^|Vu|^~^ Vu^ . The function u is said to be p-subharmonic if 

ApU > 0. In case any bounded above, p-subharmonic function is necessarily 
constant we say that the manifold M is p-parabolic. It is known that p- 
parabolicity of a complete manifold M is related to volume growth properties 
of the underlying manifold. Namely, M is p-parabolic provided, for some 
X £ M, 

\V0\m-ldBr [X)J 

where dB^ (x) denotes the metric sphere centered at x, of radius r > 0, 
and volm_i is the (m — 1) -dimensional Hausdorff measure; [9]. Thus, for 
instance, the standard Euclidean space M™ is p-parabolic if m < p. 

Now, suppose that M is p-parabolic, with p > 2. It is known, [7], that 
a p-subharmonic function u : M ^ M. with finite p-energy |V7x| G (M) 
must be constant. We shall show that this is nothing but a very special case 
of a genuine comparison principle for the p-Laplace operator. 

Theorem 1. Let (Af, (,)) be a connected, p-parabolic manifold, p>2. As- 
sume that the smooth functions u,v : M ^ M. satisfy 

ApU > ApV on M, 

and 

\Vu\,\Vv\ G LP{M). 
Then, u = v + A on M, for some constant A £M. 
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Besides real-valued functions one is naturally led to consider manifold- 
valued maps. Several topological questions are related to the p-Laplacian 
of maps; [TT]. Recall that the p-Laplacian (or the p-tension field) of a map 
u : M ^ N between Riemannian manifolds is defined by 



Here, du £ T*M ® u TN denotes the differential of u and the bundle 
T*M u^^TN is endowed with its Hilbert-Schmidt scalar product (,). 
Moreover, — div stands for the formal adjoint of the exterior differential 
d with respect to the standard inner product on vector-valued 1-forms. 
Say that u is p-harmonic if ApU = 0. In [10], Schoen and Yau prove a 
general comparison principle for homotopic (2-)harmonic maps with finite 
(2-)energy into non-positively curved targets. They assume that the com- 
plete, non compact manifold M has finite volume but the request that M 
is (2-)parabolic suffices, [7]. In this direction, comparisons for homotopic 
p-harmonic maps with finite p-energy into non-positively curved manifolds 
are far from being completely understood. Some progress in the special sit- 
uation of a single map homotopic to a constant has been made in [7j. In this 
note, we focus our attention on the case N = M". According to [7j, it is clear 
that, if M is p-parabolic, then every p-harmonic map u : M ^ R" with finite 
p-energy \du\ £ (M) must be constant. However, using the very special 
structure of M", we are able to extend this conclusion, thus establishing a 
comparison principle for maps n, u : M — > having the same p-Laplacian. 
This can be considered as a further step towards the comprehension of the 
general comparison problem alluded to above. 

Theorem 2. Suppose that {M, {,)) is p-parabolic, p > 2. Let u,v : M ^ 
be smooth maps satisfying 

(1) ApU = ApV on M, 



If (M, (, )) is p-parabolic then u = v + A, for some constant A gM. 
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In the proofs of Theorems [T] and [2] we will make an essential use of two 
main ingredients: (a) a version for the p-Laplacian of a classical inequality 
for the mean-curvature operator; (b) a parabolicity criterion which, in a 
sense, can be considered as a global form of the divergence theorem in non- 
compact settings. 




and 



\du\,\dv\ e LP{M). 



2. Main tools 
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2.1. A key inequality. The following basic inequality was discovered by 
Lindqvist, [4]. 

Lemma 3. Let (V,{,)) be a finite dimensional, real vector space endowed 
with a positive definite scalar product. Let p > 2. Then, for every x,y €z V 
it holds 

\x\P + {p-l) \y\P > p (x, y) + _ ^ \x - ■ 

As consequence, we deduce the validity of the next 
Corollary 4. In the above assumptions, for every x,y € V, it holds 

(2) X - y,x-yj> ^^^p^i _ \x - ■ 

Proof. We start computing 

(^\xf~'^ X — lyf"'^ y,x — y^ = \x\^ + \y\^ — {x, y) (^\xf~'^ + • 

On the other hand, applying twice Lindqvist inequality with the role of x 
and y interchanged we get 

P {\x\P + |yr) > p (\x\P-^ + \y\P-^) (x, y) + \x - yf . 



(2P-1 - 1) 

Inserting into the above completes the proof. □ 

Remark 5. Inequality ([2]) can be considered as a version for the p-Laplacian 
of the classical Mikljukov-Hwang-Collin-Krust inequality; [6], [3], [l]. This 
latter states that, for every x,y G 

2 



equality holding if and only \i x = y. 

2.2. The Kelvin-Nevanlinna-Royden criterion. There is a very useful 
characterization of (non) p-parabolicity in terms of special vector fields on 
the underlying manifold. It goes under the name of Kelvin-Nevanlinna- 
Royden criterion. In the linear setting p = 2 it was proved in a paper by 
Lyons and Sullivan, [5]. See also [8]. The following non-linear extension is 
due to Gol'dshtein and Troyanov, [2]. 

Theorem 6. The manifold M is not p-parabolic if and only if there exists 
a vector field X on M such that: 

(a) \X\ £ Ll^ (M) 

(b) divA G Ll^{M) and min(divA,0) = (divA)_ G L^ (M) 

(c) < J^^divA < +O0. 

In particular, if M is p-parabolic and A is a vector field satisfying (a) 

|A| G L^ (M), (b) divA G Lj^^{M), and (c) divA > on M, then we 
must necessarily conclude that divA = on M. 
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3. Proofs of the comparison principles 
We are now in the position to prove the main results. 

Proof (of TheoremUl). Fix any xq G M, let A = u (xq) — v (xq) and define 
to be the connected component of the open set 

{x e M : A-1 <u (xo) - V (xq) < A + 1} 

which contains xq. By standard topological arguments, ^Ia 7^ is a (con- 
nected) open set. Let a : R — > M>o be the piece-wise linear function defined 
by 

{0 t<A-l 
{t-A + l)/2 A-l<t<A + l 
1 t>A + l. 

Consider the vector field 

X = a{u-v) {|Vu|^"^ Vu - \Vvf~^ Vv} . 
A direct computation gives 

divX = a' {u- v) <^|Vn|''"^ Vu - |Vt>|^"^ Vv, Vn - VvJ 

+ a{u — v) (ApU — Apv) 
2 

> z. a' (u — v) iVn — Vvf , 

where in the last inequality we have used Corollary 01 the fact that a,a' > 
and the assumption ApU — ApV > 0. Therefore 

divX > 0, on M, 

the equality holding if and only if 

a' {u — v) \Vu — Vv\ = 0. 

On the other hand, for a suitable constant C > 0, 

\X\^ <C {\Vu\P + \Vvf) G (M) . 

Therefore, Theorem [6] yields 

divX = on M. 
Since a' — -u) / on Q^, we deduce 

u — V = A, on Qa- 

It follows that the open set f^A is also closed. Since M is connected we must 
conclude that 0,a = M and u — f = ^onM. □ 

Proof (of Theorem{^. We suppose that either u or f is non-constant, for 
otherwise there's nothing to prove. Fix qq G M. Set C := u{qo) — v{qQ) G 
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and introduce the radial function r : M" R defined as r{x) = \x — C\. For 
T > 0, consider the piecewise differentiable vector field Xt defined as 

Xt := [dhT\(^u-v) ° {\du\P-^du - \dv\P-^dv) 
where hx G C^(M",M) is the function 



hrix) :-- 



2 if r{x) < T 

Tr{x) — if r{x) > T. 



We observe that hx G where r(x) ^ T and that Xx is well defined since 
there exists a canonical identification 

TTTpn rs^ rp -Iran rs^ Tnjn rs^ Trpn 

{n-(;)(g)^ = J-u{q)^ = J^v{q)'^ = -U^ ■ 

Wa also observe that, by Sard theorem, for a.e. T > 0, the level set 
{\u — V — C\ = T} is a smooth (possibly empty) hypersurface, hence a set 
of measure zero. Thus, the vector field Xjp is weakly differentiable and, for 
a.e. T > 0, the weak divergence of Xt is given by 

2 

divXr = (i(22-)|(„_^) o {ApU - Apv) 

+ ^^tr (^Hess(4)|(«-^) {du - dv, \du\P-^du - \dv\P-^dv 

if r{x) < T, and 

diyXx = (i(rr)|(„_^) o {ApU - Apv) 

+ *^tr (Hess (Tr {du - dv, \du\P-'^du - \dv\P-^dv)) . 

if r(x) > T. The first term on the RHS vanishes by assumption. Moreover, 
by standard computations, we have Hess(r) = r~^{{, — dr dr) on M" \ 
{C}. Thus, 

2 

Hess(^) = dr dr + r Hess(r) = (, )]g„ if r{x) < T, 

Hess(T'r) =THess(r) = -^((,)]g„ — dr ® dr)) if r(x) > T. 

As a consequence, ioi q ^ M such that r[{u — v){q)) < T, by Corollary U] we 
get 

_ ^ \du-dv\P 



(3) divXT = {du - dv, \du\P-^du - \dv\P-^dv) > 



p(2P-i _ 1) ' 
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while, for g G M such that r{{u — v){q)) > T, it holds 
(4) 

divXr = , ^ , Uu - dv, \du\P~'^du - \dvV'''^dv) 
r[u — V) ^ ' 

T 

'(ir|(„_^)(dti — dv) , dr\(u-v){\duf~''^ du — \dvy~'^dv)'^ 



r{u — v) 



r[u — V) p{2P — Ij 
T \flii — dv\P 

> — T ' ' - + \dvY> + \dur^\dv\ + \dvr^\du\) 

r{u — V) p{2P — Ij 

r[u — V) p{2P — 1) 

where we have used again Corollary [5] for the first term and Cauchy-Schwarz 
inequality, Young's inequality and the facts that \dr\ = 1 and r[u — v) >T 

for the second one. Let us now compute the L^-^-norm of Xt- Since 

\\du\P-^du-\dv\P^^dv\^ < {\du\P''^ + \dv\P-'^)^ <2^ {\du\P + \dv\P), 
we have 

[ \Xt\^ < [ \u-v-C\^ Wdul^-'^du-ldvlP-^dvl^- 

Jilu-v-ciKT} J {\u-v-C\)<T} 



< rp-i2p-i ( \\du\\l + Wdvf] < +00 



and 



/ \Xt\^ < [ \\du\P~^du-\dv\P-'^dv\''-' 

J {\u-v-C\)>T} J{\u-v-C\>T} 



< rp-i2p'i ( lldnll^ + \\dvf\ < +00. 



Hence Xt is a weakly differentiable vector field with \Xt\ G Lp-^{A4) 
and divX^^ G Lj^^(M). To apply Theorem [6l it remains to show that 
(divXr)_ G L^{M). By inequalities Q and (g]), we deduce that 
(5) 

/ |(divXT)_| < 2 / {\du\P + \dvn < '^{\\du\\l + Wdvf) < +00. 

Jm J{\u-v-C\>T} 

Then, the assumptions of Theorem[6]are satisfied and we get, for a.e. T > 0, 

div^T < 0. 

M 

According to ^ we now choose a sequence T„ y +oo such that 
/ |(divXTj_|<2 / ^\du\P + \dv\P)<^. 
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As a consequence, 

J {\u-v-C\<Tr,} - -Ij J{\u-v-C\<T„} 

< [ (divXTj + 

Jm 

< - I (divXTj_ < -. 

JM 

Therefore, letting n go to +00, we obtain 

r \d{u-v)\p 
Jm Pi2p-^ - 1) ' 

that is, u — V = u{qo) — v{qo) = C on M. □ 
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